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We analyse the non–relativistic approximation of the Dirac equation for slow fermions moving in
spacetimes with a static metric, caused by the weak gravitational field of the Earth and a chameleon
field, and derive the most general effective gravitational potential, induced by a static metric of
spacetime. The derivation of the non–relativistic Hamilton operator of the Dirac equation is carried
out by using a standard Foldy–Wouthuysen (SFW) transformation. We discuss the chameleon field
as source of a torsion field and torsion–matter interactions.
PACS numbers: 03.65.Pm, 04.25.-g, 04.25.Nx, 14.80.Va
I. INTRODUCTION
The non–relativistic quantum states of (ultra)cold neutrons in the gravitational field of the Earth above a totally
reflecting mirror were found in [1–3] and measured in [4–7], while the transitions between quantum gravitational
states of ultracold neutrons were measured in [8]. A possible explanation for the acceleration of our Universe at the
present time is given by assuming the existence of a so-called chameleon field [9–12]. The presence of such a field
would modify the gravitational potential Ug(~r ) = ~g · ~r above a mirror [13] and between two mirrors [14] as
U(~r ) = ~g · ~r + β
MPl
φ(~r ) , (1)
where φ(~r ) is a chameleon field, β is the chameleon–matter coupling constant [9–13] and MPl = 1/
√
8πGN =
2.435×1027 eV is a Planck mass, expressed in terms of the gravitational constant GN [15]. The gravitational potential
energy of (ultra)cold neutrons is related to the potential U(~r ) via Φ(~r ) = mU(~r ), where m is the neutron mass.
For the analysis of the Dirac equation in the gravitational field we employ the static metric ds2 = gµν(x)dx
µdxν =
g00(x)dt
2 + gij(x)dx
idxj = V 2dt2 −W 2(d~r )2, where xµ = (t, ~r ). The components g00(x) = V 2 and gij(x) = −W 2 δij
of the metric tensor gµν(x) are functionals of the potential U(~r ). The dynamics of (ultra)cold neutrons moving in
such a spacetime is defined by the Dirac equation
i
∂ψ(t, ~r )
∂t
= Hˆ(~r, ~∇, ~σ )ψ(t, ~r ) , (2)
where ~∇ is the gradient with respect to ~r and ~σ are the 2×2 Pauli matrices [16]. Using tetrad fields [17], the Hamilton
operator Hˆ(~r, ~∇, ~σ ) of the Dirac equation in coordinate representation takes the form [18]
Hˆ(~r, ~∇, ~σ ) = γ0mV − i V
W
γ0~γ ·
(
~∇+
~(∇V )
2V
+
~(∇W )
W
)
, (3)
where γµ = (γ0, ~γ ) are the Dirac matrices in Minkowski spacetime [16]. The matrix elements of the Hamilton operator
are given by
〈f |Hˆ |i〉 =
∫
d3x
√
− det(gij)ψ†f (t, ~r )Hˆ ψi(t, ~r ) , (4)
where
√− det(gij) =W 3. In order to deal with a Hermitian Hamilton operator it is convenient to redefine ψ(t, ~r ) =
{− det(gij)}−1/4Ψ(t, ~r ) = W−3/2Ψ(t, ~r ) to obtain
〈f |Hˆ|i〉 =
∫
d3xΨ†f (t, ~r )HˆΨi(t, ~r ) , (5)
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2which defines the Hermitian Hamilton operator Hˆ = W 3/2HˆW−3/2 [17]
Hˆ = γ0mV − i V
W
γ0~γ · ~∇− i
2
γ0~γ ·
(
~∇ V
W
)
. (6)
This operator agrees with the one given by Obukhov [18].
The paper is organised as follows. In section II we derive the Pauli equation as the non–relativistic limit of the Dirac
equation describing the interaction of (ultra)cold neutrons with the gravitational field of the Earth and a chameleon
field. In section V we discuss the obtained results.
II. STANDARD FOLDY–WOUTHUYSEN TRANSFORMATION
In order to obtain a non-relativistic Hamilton operator we follow Foldy and Wouthuysen [19] and decompose the
Hamilton operator Eq. (6) into “even” and “odd” operators and delete the “odd” operators by employing unitary
transformations.
The first term in Eq. (6), proportional to γ0, is an “even” operator, whereas the second and third terms, proportional
to γ0~γ, are “odd” operators. For the elimination of the “odd” operators we perform the unitary transformation
Hˆ1 = e
iSˆ1Hˆe−iSˆ1 = Hˆ+ i[Sˆ1, Hˆ] +
i2
2!
[Sˆ1, [Sˆ1, Hˆ]] + . . . , (7)
with the operator Sˆ1 given by
Sˆ1 = − i
2m
γ0
(
− 1
W
iγ0~γ · ~∇− i
2V
γ0~γ ·
(
~∇ V
W
))
= − 1
2mW
~γ · ~∇− 1
4mV
~γ ·
(
~∇ V
W
)
. (8)
For the expansion of the Hamilton operator Hˆ1 in Eq. (7) we neglect terms of order O(1/m2). The expressions of the
commutators [Sˆ1, Hˆ] and [Sˆ1, [Sˆ1, Hˆ]] are given by
i[Sˆ1, Hˆ] =
i
2W
γ0~γ · (~∇V ) + i V
W
γ0~γ · ~∇− 1
2m
γ0
(
~∇ V
W 2
)
· ~∇+ i
2m
γ0
(
~∇ V
W 2
)
· (~Σ× ~∇ )− V
mW 2
γ0∆
− 1
2mW
γ0
(
∆
V
W
)
− 1
mW
γ0
(
~∇ V
W
)
· ~∇+ i
2
γ0~γ ·
(
~∇ V
W
)
+
1
4mVW
γ0(~∇V ) ·
(
~∇ V
W
)
− i
4mW 3
γ0 ~Σ ·
(
(~∇V )× (~∇W )
)
− 1
4mV
γ0
(
~∇ V
W
)2
, (9)
as well as
i2
2!
[Sˆ1, [Sˆ1, Hˆ]] = − 1
8mW 3
γ0(~∇W ) · (~∇V )− i
4mW 3
γ0 ~Σ ·
(
(~∇W )× (~∇V )
)
+
1
4mW 2
γ0 (~∇V ) · ~∇
+
1
4m
γ0
(
~∇ V
W 2
)
· ~∇− i
4m
γ0
(
~∇ V
W 2
)
· (~Σ× ~∇) + V
2mW 2
γ0∆+
1
4mW
γ0
(
∆
V
W
)
+
1
2mW
γ0
(
~∇ V
W
)
· ~∇+ 1
8mV
γ0
(
~∇ V
W
)2
+
1
8mW 2
γ0(∆V ) . (10)
As result, we obtain the Hamilton operator Hˆ1
Hˆ1 = γ
0mV +
i
2W
γ0~γ · (~∇V )− 1
4m
γ0
(
~∇ V
W 2
)
· ~∇+ i
4m
γ0
(
~∇ V
W 2
)
· (~Σ× ~∇ )− V
2mW 2
γ0∆
− 1
4mW
γ0
(
∆
V
W
)
− 1
2mW
γ0
(
~∇ V
W
)
· ~∇+ 1
4mVW
γ0(~∇V ) ·
(
~∇ V
W
)
− 1
8mV
γ0
(
~∇ V
W
)2
− 1
8mW 3
γ0(~∇W ) · (~∇V ) + 1
4mW 2
γ0 (~∇V ) · ~∇+ 1
8mW 2
γ0(∆V ) . (11)
After the first unitary transformation, the resulting Hamilton operator Hˆ1, calculated to order 1/m, still contains an
“odd” operator proportional to γ0~γ. This “odd” operator we remove by employing a second unitary transformation
Hˆ2 = e
iSˆ2Hˆ1e
−iSˆ2 = Hˆ1 + i[Sˆ2, Hˆ1] +
i2
2!
[Sˆ2, [Sˆ2, Hˆ1]] + . . . , (12)
3with operator Sˆ2 given by
Sˆ2 = − i
2m
γ0
( i
2VW
γ0~γ · ~∇V
)
=
1
4mVW
~γ · ~∇V . (13)
Neglecting terms of order O(1/m2) we obtain
i[Sˆ2, Hˆ1] = − i
2W
γ0~γ · (~∇V )− 1
4mVW 2
γ0(~∇V )2 ,
i2
2!
[Sˆ2, [Sˆ2, Hˆ1]] =
1
8mVW 2
γ0(~∇V )2 . (14)
As result, the Hamilton operator Hˆ2 is given by
Hˆ2 = γ
0mV − 1
4m
γ0
(
~∇ V
W 2
)
· ~∇+ i
4m
γ0
(
~∇ V
W 2
)
· (~Σ× ~∇ )− V
2mW 2
γ0∆− 1
4mW
γ0
(
∆
V
W
)
− 1
2mW
γ0
(
~∇ V
W
)
· ~∇+ 1
4mVW
γ0(~∇V ) ·
(
~∇ V
W
)
− 1
8mV
γ0
(
~∇ V
W
)2
− 1
8mW 3
γ0(~∇W ) · (~∇V )
+
1
4mW 2
γ0 (~∇V ) · ~∇+ 1
8mW 2
γ0(∆V )− 1
8mVW 2
γ0(~∇V )2 , (15)
containing only “even” operators. After these two unitary transformations, the Dirac equation reads
i γ0
∂Ψ(t, ~r )
∂t
=
{
mV − 1
4m
(
~∇ V
W 2
)
· ~∇+ i
4m
(
~∇ V
W 2
)
· (~Σ× ~∇ )− V
2mW 2
∆− 1
4mW
(
∆
V
W
)
− 1
2mW
(
~∇ V
W
)
· ~∇+ 1
4mVW
(~∇ V ) ·
(
~∇ V
W
)
− 1
8mV
(
~∇ V
W
)2
− 1
8mW 3
(~∇W ) · (~∇V )
+
1
4mW 2
(~∇V ) · ~∇+ 1
8mW 2
(∆V )− 1
8mVW 2
(~∇V )2
}
Ψ(t, ~r ) , (16)
with the four-component spinor Ψ(t, ~r ). As was shown by Foldy andWouthuysen [19], in the low-energy approximation
of the Dirac equation the “large” and “small” components of the Dirac bispinor wavefunctions can be separated by
the projection operators (1+γ0)/2 and (1−γ0)/2, respectively. Next, we introduce the two-component spinor ϕ(t, ~r )
as (
ϕ(t, ~r )
0
)
=
1 + γ0
2
e imtΨ(t, ~r ) , (17)
where the phase e imt removes the highly oscillating mode of the two-component spinor. Multiplying Eq. (16) with
the projection operator (1 + γ0)/2, we obtain the Pauli equation
i
∂ϕ(t, ~r )
∂t
=
(
− 1
2m
∆+Φ(~r, ~∇, ~σ )
)
ϕ(t, ~r ) , (18)
with the potential Φ(~r, ~∇, ~σ ) given by
Φ(~r, ~∇, ~σ ) = m(V − 1)− 1
4m
(
~∇ V
W 2
)
· ~∇+ i
4m
(
~∇ V
W 2
)
· (~σ × ~∇ ) + W
2 − V
2mW 2
∆− 1
4mW
(
∆
V
W
)
− 1
2mW
(
~∇ V
W
)
· ~∇+ 1
4mVW
(~∇ V ) ·
(
~∇ V
W
)
− 1
8mV
(
~∇ V
W
)2
− 1
8mW 3
(~∇W ) · (~∇V )
+
1
4mW 2
(~∇V ) · ~∇+ 1
8mW 2
(∆V )− 1
8mVW 2
(~∇V )2 . (19)
This is the most general effective low-energy gravitational potential of slow fermions, induced by a static spacetime
metric ds2 = V 2dt2−W 2(d~r )2, which has ever been calculated previously in the literature. The effective gravitational
potential Eq. (19) can be used to any order of perturbation theory with respect to the potential U(~r ).
For the derivation of the effective gravitational potential in a weak gravitational and chameleon field and comparison
to other results, obtained in the literature, we use V 2 = 1 + 2U(~r ) and W 2 = 1− 2γ U(~r ) and expand the potential
Eq. (19) to linear order in U(~r ). This gives
Φ(~r, ~∇, ~σ ) = mU(~r )− 1 + 2γ
2m
(
U(~r )∆ + (~∇U(~r )) · ~∇+ 1
4
(∆U(~r ))− i
2
(~∇U(~r )) · (~σ × ~∇ )
)
. (20)
4Using the Newtonian gravitational potential U(~r ) = −GNM/r, where GN and M are the gravitational coupling
constant and mass, respectively, we arrive at the effective gravitational potential
Φ(~r, ~∇, ~σ ) = −GNMm
r
+ (1 + 2γ)
GNM
2m
(1
r
∆− ~r
r3
· ~∇− π δ(3)(~r ) + 1
2
~σ · ~ˆL
r3
)
, (21)
where ~ˆL = ~r × ~ˆp is the orbital momentum operator and ∆(1/r) = −4π δ(3)(~r ). This result agrees with the effective
gravitational potential obtained by Fischbach, Freeman and Cheng [17] and recently by Jentschura and Noble [20, 21].
Using the potential U(~r ) given by Eq. (1), we obtain the potentials ΦG(~r, ~∇, ~σ ) and ΦCh(~r, ~∇, ~σ ), caused by gravity
and a chameleon field, respectively:
ΦG(~r, ~∇, ~σ ) = ~g ·
(
m~r − 1 + 2γ
2m
[
~r∆+ ~∇− i
2
(~σ × ~∇ )
])
,
ΦCh(~r, ~∇, ~σ ) = β
MPl
(
mφ(~r )− 1 + 2γ
2m
[
φ(~r )∆ + (~∇φ(~r )) · ~∇+ 1
4
(∆φ(~r )) − i
2
(~∇φ(~r )) · (~σ × ~∇ )
])
. (22)
These effective gravitational and chameleon field potentials should be employed for the experimental analysis of the
fine structure of quantum gravitational states of ultracold neutrons in qBounce experiments and properties of a
chameleon field [8, 22–25].
For the subsequent analysis it is convenient to represent the obtained results in the following form
Hˆ = Hˆ0 + VˆG + VˆCh + VˆT , (23)
where the operators Hˆ0, VˆG, VˆCh and VˆT are defined by
Hˆ0 = − 1
2m
∆+m~g · ~r ,
VˆG = −1 + 2γ
2m
~g · (~r∆+ ~∇ ) ,
VˆCh = β
m
MPl
φ(~r )− β 1 + 2γ
2mMPl
(
φ(~r )∆ + (~∇φ(~r )) · ~∇+ 1
4
(∆φ(~r ))
)
,
VˆT = i
1 + 2γ
4m
(
~g +
β
MPl
~∇φ(~r )
)
· (~σ × ~∇ ) . (24)
In this case the operators VˆG, VˆCh and VˆT are determined on the class of wavefunctions ϕn(~r ), which are eigenfunctions
of the operator H0, i.e.
Hˆ0ϕn(~r ) = Enϕn(~r ) , (25)
where En are the binding energies of ultracold neutrons and n = 1, 2, . . . is the principle quantum number.
III. TORSION–MATTER LIKE INTERACTION
In this section we show that the effective potential VˆT describes an effective torsion–neutron interaction. This can
be inferred from the comparison to the results obtained by Kostelecky et al. [26]. For this aim we rewrite VˆT in the
relativistic covariant form
δLT (x) = i
2
gT Tµ(x)ψ¯(x)σµν←→∂ν ψ(x) , (26)
where ψ(x) is the neutron field operator and A(x)
←→
∂νB(x) = A(x)∂νB(x)− (∂νA(x))B(x) and σµν = i2 (γµγν − γνγµ)
is one of the Dirac matrices [16]. From comparison of Eq. (26) to Eq. (2) in Ref. [26] we obtain
gT Tµ(x) = ξ(5)6 Tµ(x) + ξ(5)7 Aµ(x) , (27)
where ξ
(5)
6 and ξ
(5)
7 are phenomenological coupling constants, introduced by Kostelecky et al. [26] for the description
of a torsion–Dirac–fermion field interaction. The fields Tµ(x) and Aµ(x) are related to the torsion tensor field
Tαµν(x) = −Tανµ(x) as Tµ(x) = gαβTαβµ(x) and Aµ(x) = 16εαβγµTαβγ(x), respectively, where gαβ and εαβγµ are the
5inverse metric tensor and Levi–Civita tensor in Minkowski spacetime. The part of the effective Lagrangian Eq. (26),
which can be expressed in terms of the potential VˆT in the non–relativistic limit, is
δLT (x) = i gT ~T · ψ¯(x)(~Σ × ~∇ )ψ(x) + . . . = i gT ~T · ϕ†(x)(~σ × ~∇ )ϕ(x) + . . . , (28)
where ϕ(x) is the operator of the large component of the Dirac bispinor field operator ψ(x). From Eq. (28) and
Eq. (24) for VˆT we obtain
gT ~T (x) = −1 + 2γ
4m
(
~g +
β
MPl
~∇φ(~r )
)
. (29)
According to Colladay and Kostelecky, the constant part of a torsion field should be removed by the redefinition of the
wavefunction of a fermion field given in Eq. (30) in Ref. [27]. Contrary to that, the part of a torsion field depending
on spacetime coordinates cannot be removed in general [28]. In our approach a spacetime dependent part is given by
the contribution of a chameleon field.
In the following we analyse a redefinition of the wavefunction of the matter–field of ultracold neutrons moving in a
spatial region restricted in the z–direction by either a mirror from below or confined by two mirrors while unrestricted
in the (x, y) plane. In our approach, a redefinition of the wavefunctions of ultracold neutrons corresponds to a
rearrangement of the terms in the Hamilton operator Hˆ, given in Eq. (24):
Hˆ = Hˆ′0 + VˆG + VˆCh + Vˆ
′
T , (30)
where we have denoted
Hˆ′0 = −
1
2m
∆+m~g · ~r + i1 + 2γ
4m
~g · (~σ × ~∇ ) ,
Vˆ ′T = i
1 + 2γ
4m
β
MPl
~∇φ(~r ) · (~σ × ~∇ ) . (31)
Thus, we propose to determine the operators VˆG, VˆCh and Vˆ
′
T on the class of wavefunctions ϕ
′(~r ), which are eigen-
functions of the Hamilton operator Hˆ′0
i
∂ϕ′(~r, t)
∂t
= Hˆ′0ϕ
′(~r, t) . (32)
The removal of the constant part of the torsion field can be carried out by employing a unitary transformation. For
this aim we analyse the Pauli equation Eq. (32) in the following form
i
∂ϕ′(~r, t)
∂t
=
(
− 1
2m
∆+m~g · ~r + i1 + 2γ
4m
(~g × ~σ ) · ~∇
)
ϕ′(~r, t) , (33)
where we have used the Hamilton operator Hˆ′0, given in Eq. (31). Performing a unitary transformation
ϕ′(~r, t) = Ω ϕ˜(~r, t) , (34)
we transcribe the Pauli equation Eq. (33) into the form
i
∂ϕ˜(~r, t)
∂t
=
(
− 1
2m
∆+m~g · ~r − 1
2m
Ω−1(∆Ω) + i
1 + 2γ
4m
Ω−1(~g × ~σ ) · (~∇Ω)
)
ϕ˜(~r, t)
+
(
− 1
m
Ω−1(~∇Ω) + i1 + 2γ
4m
Ω−1(~g × ~σ )Ω
)
· ~∇ϕ˜(~r, t) . (35)
For the removal of the required constant part of the torsion field we set
~∇Ω = i1 + 2γ
4
(~g × ~σ )Ω , (36)
which reduces Eq. (35) to
i
∂ϕ˜(~r, t)
∂t
=
(
− 1
2m
∆+m~g · ~r − 1
2m
Ω−1(∆Ω) + i
1 + 2γ
4m
Ω−1(~g × ~σ ) · (~∇Ω)
)
ϕ˜(~r, t) . (37)
6Using Eq. (36) we transcribe the last two terms on the right–hand side (r.h.s.) of Eq. (37) as
− 1
2m
Ω−1(∆Ω) + i
1 + 2γ
4m
Ω−1(~g × ~σ ) · (~∇Ω) = −g2 (1 + 2γ)
2
16m
. (38)
Hence, the wavefunction ϕ˜(~r, t) satisfies the Schro¨dinger equation
i
∂ϕ˜(~r, t)
∂t
=
(
− 1
2m
∆+m~g · ~r − g2 (1 + 2γ)
2
16m
)
ϕ˜(~r, t) . (39)
For stationary quantum states ϕ˜(~r, t) = ϕ˜(~r ) e−iEnt we obtain
E˜nϕ˜(~r ) =
(
− 1
2m
∆+m~g · ~r
)
ϕ˜(~r ) . (40)
where E˜n = En+g
2 (1+2γ)2/16m. Such a constant shift of energy levels does not appear in the transition frequencies
ωnk = E˜n − E˜k = En − Ek, which are experimentally observed [8, 22–25]. Hence, we have shown that the constant
part of the torsion can be removed from the interaction to any order in perturbation theory. To linear order the
solution of Eq. (36) is equal to
Ω = 1 + i
1 + 2γ
4
(~g × ~σ ) · ~r . (41)
This agrees with the transformations analysed by Kostelecky [26–28].
IV. ANALYSIS OF OBSERVABILITY OF CONSTANT PART OF TORSION FIELD
As has been pointed out by Kostelecky [26–28] the constant parts of the torsion fields, removed by a redefinition of
the wavefunctions of fermions, should not be observable to first order perturbation theory. In this section we analyse
the problem of observability of the constant part of the torsion field gT ~T , which we removed from the potential
operator VˆT by a redefinition of the wavefunctions of ultracold neutrons ϕ
′
n(~r ) = Ω ϕ˜n(~r ). For this aim we calculate
the contributions of the effective gravitational potential VˆG to the energy levels of quantum gravitational states of
ultracold neutrons. To first in order perturbation theory the observables are diagonal matrix elements of the potential
operator VˆG, i.e. 〈n|VˆG|n〉 given by (see [25])
〈n|VˆG|n〉 =
∫
d3xϕ′†n (~r )VˆGϕ
′
n(~r )∫
d3xϕ′†n (~r )ϕ
′
n(~r )
=
∫
d3x ϕ˜†n(~r )Ω
−1VˆGΩϕ˜n(~r )∫
d3x ϕ˜†n(~r )ϕ˜n(~r )
. (42)
Setting ϕ′n(~r ) = Ω ϕ˜n(z) and ~g = g ~ez, using Eq. (40) and skipping standard intermediate calculations we arrive at
the result
〈n|VˆG|n〉 = (1 + 2γ)Eng
∫
dz z |ϕ˜n(z)|2 − (1 + 2γ)mg2
∫
dz z2 |ϕ˜n(z)|2 + (1 + 2γ)3 g
3
8m
∫
dz z |ϕ˜n(z)|2 , (43)
where the integration over z should be carried out in accord to the experimental setup of the qBounce experiments
[8, 22–25].
The obtained result shows that the contributions of the constant part of the torsion field to the energy levels and,
correspondingly, to the transition frequencies [25] are of third order in g. This confirms Kostelecky’s assertion [26–28]
that the constant part of the torsion field is unobservable to first order in perturbation theory.
V. CONCLUSION
We have analysed the non–relativistic approximation of the Dirac equation for (ultra)cold neutrons, propagating
in a spacetime with static metric ds2 = gµν(x)dx
µdxν = V 2dt2 −W 2(d~r )2. The components of the static metric,
g00(~r ) = V
2 and gij(~r ) = −W 2 δij , are functionals of the potential U(~r ) = ~g · ~r + (β/MPl)φ(~r ), where ~g · ~r and
(β/MPl)φ(~r ) are the contributions of the gravitational field of the Earth and a chameleon field, respectively.
7We have carried out the non–relativistic reduction of the Dirac equation rigorously by employing a standard Foldy–
Wouthuysen (SFW) transformation neglecting terms of order O(1/m2). We have found the effective potential as a
functional of the metric components V and W in Eq. (19). For V 2 = 1 + 2U(~r ) and W 2 = 1 − 2γ U(~r ), we have
derived the effective gravitational potential in Eq. (20) to linear order in U(~r ). In addition to the gravitational field,
our expression contains the contribution of a chameleon field.
After the redefinition of the wavefunctions of fermions we arrive at the effective potential
Vˆeff = VˆG + ~VCh + Vˆ
′
T , (44)
where the last term corresponds to a torsion–matter interaction [26–31] with the torsion field gT ~T = −((1 +
2γ)/4m)(β/MPl)~∇φ(~r ). The obtained result shows that in principle a chameleon field serves as a source for a
torsion field interaction with matter fields. The possibility for a torsion field interaction to be induced by a scalar field
was discussed by Hojman et al. [32] (see also [31]). Following Kostelecky [26–28] we have removed the constant part
of the torsion field by a redefinition of the wavefunctions of fermions. Furthermore, we have shown that such a change
of the wavefunctions of ultracold neutrons in the qBounce experiments does not lead to any observable contributions
to first order in perturbation theory. A more detailed investigation of the subtleties involved in the derivation of the
non-relativistic limit of the Dirac equation for slow fermions in a gravitational field as well as in a chameleon field as
a possible source for a torsion field interaction we are planning to perform in our forthcoming publication.
Finally, we would like to note that the first two terms of the effective potential Eq. (20), namely mU(~r ) − ((1 +
2γ)/2m)U(~r )∆, reproduce the effective non–relativistic Hamilton operator H
(0,1)
NR of spin–independent low–energy
interactions of Dirac fermions moving in a curved spacetime with an asymptotically flat and diagonal metric tensor
(see Eq. (62) of Ref. [33]). The absence of derivative terms of the metric tensor in the Hamilton operator H
(0,1)
NR is
justified in [33] by the smallness of spacetime variations of the metric tensor with respect to its deviation from the
Minkowski spacetime metric tensor.
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